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Introduction

Q: Can a Bose-Einstein condensate survive some classical limit ?
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19xx The Algebraic formalism is employed for describing a free Bose-Einstein condensate

o This formalism is useful for treating thermodynamical equilibrium for
infinite volumes
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Can a Bose-Einstein condensate survive some classical limit ?

p B weak—"* o
DquanTum © &y — OcLassicAL

The Algebraic formalism is employed for describing a free Bose-Einstein condensate

This formalism is useful for treating thermodynamical equilibrium for
infinite volumes

Definition of classical KMS states for commutative Weyl algebras

ﬁwCLASSICAL({a ) b}) = wCLASS|CAL(b5(a))

And for performing semiclassical limits
Construction of Q¥ : #/(E,0) — # (E, ho) for Weyl algebras

: To answer the first question: yes (for free systems )



Weyl algebras and notation

Weyl algebras construction

. . . d tized
o Non interacting particles —» F:=L?(RV) S =

o (E, ho) real, symplectic space
hel0,+e), o(f, g :=Im{(f &}
/ \

semiclassical parameter Symplectic form
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Weyl algebras and notation

Weyl algebras construction

. . . d tized
o Non interacting particles —s E:= L2(R) - 120%

o (E, ho) real, symplectic space
hel0,+e), o(f, g :=Im{(f &}
/ \

semiclassical parameter Symplectic form

o A(E, ho) := C-span{ W'(f), f€ E}, *—algebra with relations

W W(g) = e TOUOWA(F1g), (W) = WA(=f), WA(HWI(=f)=1
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Interpretation of the two worlds

Weyl algebras construction

o Eis the single particle quantum Hilbert space

h>0 W (E, ho) ~ local B~
E : B

h=0 W (E,0) symmetric C(5(B))
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Interpretation of the two worlds

Weyl algebras construction

o Eis the single particle quantum Hilbert space

h>0 W (E, ho) ~ local B
E l B
h=0 W (E,0) " symmetric c(S(B))

— Classical dynamic is induced by the Quantum one - on the single particle
(W) = WAEMf) 5 W) = g (W)
h+# h hisrelated to the macroscopic density, not to the single particle scale constants in H
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Weak KMS states

Weak-classical KMS condition

Def. (Weak KMS states) Let B >0, §: A(G,0) — C(E) weak derivation
o € C? satisfies the weak (8, 8)—KMS condition if

Ba({c, d}) = o(ds(c), cde A(G,0)
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Weak KMS states

Weak-classical KMS condition

Def. (Weak KMS states) Let B >0, §: A(G,0) — C(E) weak derivation
o € C? satisfies the weak (8, 8)—KMS condition if

Bo({c, df) = 0(d5(c)), ¢de A(G0)
Hyp. 8(WA(f)) = ®o(iHf)WP(f) with H > 0, self-adjoint and H™* trace class (s > 0)
Th. (P., arXiv:2411.02626 (2024)) there exists a unique (9, 8)-weak KMS

oW () =ep{ (i1 p |

Prop. o satisfies the classical (4, 8)KMS condition on m,(# (E,0))”, where
0w : D(8p) — w(# (E,0))" is a true (unbounded) derivation
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Definition of the quantization map

Abstract quantization map

Def. Strict deformation quantization:
o (A(E0),{ ", }), {Qn: A(E,0) — A(E, hG) } pe[o,+-) injective net of maps satisfying

—Qu(1) =1, Qu(a)" = Qu(a")
— lim [Qu(a)ll;, = llally, ~ Jim [|Qu(ab) — Qu(a)Qn(b), = O

|au(ta 1)~ jlau(a). @)

— lim =0

5/7



Definition of the quantization map

Abstract quantization map

Def. Strict deformation quantization:
o (A(E0),{ ", }), {Qn: A(E,0) — A(E, hG) } pe[o,+-) injective net of maps satisfying

—Qu(1) =1, Qu(a)" = Qu(a")
— lim [Qu(a)ll;, = llally, ~ Jim [|Qu(ab) — Qu(a)Qn(b), = O

|au(ta 1)~ jlau(a). @)

— lim =0
h—0 h

& Our operative definition:

Qy: A(E,0) 3 W(f) — e i UIP Wh(f) € A(E, ho)
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Berezin map defines a positive SDQ

Abstract quantization map

L (W) = wifih)- @M (WA() with

w(f,0) =1, w(f,h)=w(—f,h), E>f— w(f,h) continuous

Vitis possible to verify that Qp defines a SDQ
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Berezin map defines a positive SDQ

Abstract quantization map
L Qu(W() = wif,h)- Q)" (WO(f)) with
w(f,0) =1, w(f,h)=w(—f,h), E>f— w(f,h) continuous
Vitis possible to verify that Qp defines a SDQ

! When restricted to Ey C E finite dimensional Qy is equivalent to Q,Ef (Berezin)
proof: ¢ € A(Ep,0) » c=Y1, Z;\A/O():kl,ifk-ﬁ- u,igk),

Q(e) = Y ze I fi+ igi)

i=1

I After some Igngthy computations : (9, 7s(Qx|r, )(c)y) = (¢, QB(c)y),
QlB; >0 ms—faithful Qh >0
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Limit of the condensate

Quantum to Classical connection

h >0 Thermodynamic limit (v > 3) u; | 0 wit fixed density p > p(Bh) — (D#’L Lo, o

of (W'(f) = o) (W(£)) -exp{—ZZVH(p —p(Bh))| /‘dvxf(x)|2} < condensate
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Limit of the condensate

Quantum to Classical connection

h >0 Thermodynamic limit (v > 3) u; | 0 wit fixed density p > p(Bh) — a);f"L Lo (o

of (W'(f)) = 0, (W'(£)) .exp{Z2v+1(p —p(Bh))| /dvxf(x)\z} < condensate

! To preserve the condensate in the CL limit, p — p(h) > p(Bh) 529, o, while

h(p(h) — p(hB)) LN % >0, renormalized density

p h—0 o
! of oy = of

Th. Vo > 0, off satisfies the weak (8, B)-KMS condition
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