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Abstract
We review two recent applications of operator-algebraic methods to the analysis of homoge-

neous Bose gases at finite temperature. The first part concerns the semiclassical description of Bose–
Einstein condensation in the framework of Weyl C∗-algebras. In this setting, the semiclassical param-
eter is naturally linked to the density of the system, and the classical weak KMS condition emerges
as the limit of quantum equilibrium states. We show in particular that the condensate structure is
preserved in a suitable large-density regime.

The second part discusses the use of the Araki–Woods representation to formulate a systematic
perturbative theory for interacting Bose gases at positive temperature. Within this representation,
thermal effects are encoded directly in the field operators, allowing for a transparent implementation
of Wick’s theorem and the computation of damping coefficients via the Fermi Golden Rule.

The review synthesizes results obtained in two recent works presented at IQSA2025, emphasizing
the conceptual role of algebraic methods in connecting semiclassical analysis, equilibrium states, and
finite-temperature perturbation theory.

Keywords: Bose-Einstein condensation, C∗–algebras, W ∗–algebras, Araki–Woods representations,
Perturbation theory.

1 Introduction

The main object of this note is the homogeneous Bose gas [9, 33]. In both the physics and mathemat-
ical literature, a standard approach to the study of this system consists in considering an N-particle gas
confined in a large but finite cubic box

Λ =
]
−L

2 ,
L
2

]3
,

with periodic boundary conditions, and described by a many-body self-adjoint Hamiltonian of the form

HN =−1
2

N

∑
i=1

∆xi + ∑
1≤i< j≤N

v(xi − x j),

1

mailto:lorenzo.pettinari@unitn.it
https://orcid.org/https://orcid.org/0009-0000-0999-0598


acting on the Hilbert space of symmetric wave functions L2
s (Λ

N) Another point of view consists in adopt-
ing the bosonic Fock space formalism in the momentum representation. Defining the Fourier transform
of the potential v̂(k), one can implement the many-body Hamiltonian

H N =
1
2 ∑

p∈ΞL

|p|2 + 1
2L3 ∑

p,q,k∈Ξ
>
L

v̂(k)a∗p+ka∗q−kapaq, (1.1)

which acts on the Fock space

Γs(ℓ
2(ΞL)) =

+∞⊕
n=0

Γ
n
s (ℓ

2(ΞL)),

where ΞL = 2πZ3

L and Γn
s (ℓ

2(ΞL)) := ⊗n
s ℓ

2(ΞL) denotes the symmetric n–fold tensor product of ℓ2(ΞL),
with the convention ⊗0

s ℓ
2(ΞL) = C. If we denote by PN the projector onto the N–particle subspace of

Γs(ℓ
2(ΞL)), it is possible to see that PNH NPN and HN are unitarily equivalent.
Within these frameworks, it is possible to employ variational estimates to obtain information about

the bottom of HN spectrum. This program has been carried out by changing the scaling of the interaction’s
parameters and of the volume with the number of particles N. Two widely employed scaling regimes are
given by the Gross–Pitaevskii [7, 14] and the mean-field approximations [20, 21, 34]. Restricting to these
regimes, it was proved that the gas exhibits Bose-Einstein condensation. However, the standard quantum-
mechanical approach is not well adapted to the treatment of bosonic theories in the infinite-volume limit,
nor to the investigation of spectral properties at positive temperature.

This article reviews two recent applications [37, 19] of C∗ and W ∗ algebraic techniques [2, 11, 12, 13,
17] to the study of homogeneous Bose gases, presented at IQSA2025. These approaches address struc-
tural and dynamical questions that lie beyond the reach of the standard N-particle quantum-mechanical
framework.

The first novelty of the algebraic approach is the possibility of working directly in the infinite vol-
ume limit. This requires to generalize the notion of Gibbs states – the equilibrium states for finite volume
systems – to models in the infinite volume R3 and having an infinite number of particles. This generaliza-
tion is given by the renowned Kubo-Martin-Schwinger (KMS) states [11, Definition 5.3.1]. For quantum
systems, the time evolution is introduced by means of a strongly continuous one-parameter group of
∗-automorphism t → τt . States of the system are described by linear, positive, normalized, functionals
ω : A → C. Once the dynamics and an inverse temperature β are fixed, a state ω is said to satisfy the
(τ,β )-KMS condition for the C∗-dynamical system (A,τ) if there exists a strongly dense ∗-subalgebra
Aτ of A, contained in the set of the τ-analytic elements, for which the following identity is verified

ω(aτiβh(b)) = ω(ba), a,b ∈ Aτ . (1.2)

Moreover, the above framework admits a natural reformulation at the level of W ∗–algebras, replacing
strongly continuous one-parameter groups with σ -weakly continuous automorphism groups and states
with normal states. A classical analogue of the KMS condition was introduced in [25]. One of the novel
contributions of [37] is the formulation of a weaker version of this classical KMS condition, specifically
tailored to the bosonic setting. Within this framework, it can be shown—at least in the case of the free
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Bose gas—that infinite-volume quantum KMS states for the quantum C∗–algebra converge, in a suitable
high-density limit, to states on the classical algebra satisfying the classical KMS condition.

A second approach consists in considering a sequence of finite-volume systems in which the density
n := N

L3 is kept fixed. For each N, one then works with the W ∗–algebra of bounded operators B (L2
s (Λ

N)).
In this setting, one can construct one–quasiparticle vectors in the standard representation associated with
the KMS state of the Bogoliubov theory. These vectors are obtained by acting with left and right creation
operators, see Eqs. (3.4)–(3.5), on the KMS vector.

A key advantage of this approach is that finite-temperature effects are incorporated directly into the
Liouvillean [17]

LL
ν = LL

Bog,ν +
√

κ LL
3,2 +κ LL

4 ,

which replaces the Hamiltonian in the Araki-Woods representation.
Taken together, these results illustrate the versatility of the algebraic approach: it provides both a nat-

ural language for describing semiclassical limits and an efficient tool for finite-temperature perturbation
theory. The unifying theme is that equilibrium states are best understood at the level of operator alge-
bras, where density scaling, condensate structure, and dynamical effects can be analyzed in a coherent
and mathematically controlled way.

This review is organized as follows. In Section 2 we introduce a suitable C∗-algebraic framework
for the semiclassical analysis of the condensate. In Subsection 2.1 we present the formalism developed
in [37], while Subsection 2.2 is devoted to the discussion of the main result, Theorem 2.7, which estab-
lishes the connection between quantum and classical equilibrium states. Finally, Section 3 introduces the
framework of [19] and discusses an application to the computation of damping effects.

2 C∗–algebraic frameworks

In this section we will review the framework adopted in [37] to describe the semiclassical analysis of
equilibrium states for a non-interacting Bose gas.

2.1 Construction of the algebras

We denote by h ∈ [0,+∞[ the semiclassical parameter of the theory. As will become clear below, this
parameter can be related to the density of the gas. Let

E := L2(R3,dx)

be the Hilbert space of square-integrable functions on R3. This space carries a natural non-degenerate
symplectic form defined by the imaginary part of the scalar product,

σ : E ×E → R, σ( f ,g) = Im⟨ f ,g⟩. (2.1)

For every h ∈ [0,+∞[, we define the unital Weyl ∗-algebra

∆(E,hσ) := spanC{W h( f ) : f ∈ E},
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obtained as the quotient of the free ∗-algebra generated by the Weyl elements W h( f ) with respect to the
canonical commutation relations

W h( f )W h(g) = e−
ih
2 σ( f ,g)W h( f +g),

(W h( f ))∗ =W h(− f ),

W h(0) = I.

We note that for h = 0, the algebra becomes commutative and hence, it can be mapped to an algebra of
functions. In particular, the algebra W (E,0) describes a classical theory.

The above ∗–algebra can be completed to a C∗-algebra via a suitable C∗–norm which can be con-
structed as

∥A∥= sup
ω∈S(∆(E,hσ))

ω(A∗A),

where S(∆(E,hσ)) is the state space of the Weyl ∗-algebra. We will denote this completion byW (E,hσ) :=

∆(E,hσ)
∥·∥

. See [6, 11, 37] for a more detailed analysis of the construction of Weyl algebras.

REMARK 2.1: (Restriction to subspaces) The above construction also hold if E is taken to be a real
normed vector space with an arbitrary, non-degenerate symplectic form σ . In particular, we can restrict
to the Schwartz functions space E0 = S (R3). Then, W (E0,hσ) is C∗–subalgebra of W (E,σ) with respect
to the same C∗-norm.

⋄

Dynamics and equilibrium for the quantum and classical algebras. The non-interacting dynamics
on W (E,hσ) is usually introduced by means of a one-parameter group of ∗-automorphisms t → τh,t
acting on the Weyl elements as

τh,t(W h( f )) =W h(eiHt f ),

where H is some self-adjoint operator acting on the one-particle space E.

REMARK 2.2: (Interpretation of the dynamics) The motivation for the introduction of the latter dy-
namics is semiclassical in nature. E is a space of test functions for the effective wavefunctions of the
single particle. The dynamics on the quantum Weyl algebra is introduced via an automorphism, whose
action is implemented on the space E. In the h → 0+ limit, the interpretation of the latter space does
not change, i.e. the theory is still fundamentally quantum and only the resulting macroscopic setting is
classical. In particular, we expect that the semi-classical limit of the dynamics τh,t(W h( f )) =W h(eiHt f )
should be W 0(eiHt f ) = τ0,t(W 0( f )).

⋄

In the case of the classical algebra W h(E,0), we need to introduce some additional structures
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Poisson brackets. Following [6], we equip W (E,0) with a Poisson structure. We take the dense ∗-
algebra ∆(E,0) ⊂W (E,0) as the domain of the Poisson bracket. These are defined on Weyl elements
as

{W 0( f ),W 0(g)} := σ(g, f )W 0( f +g) ∈ ∆(E,0), (2.2)

and extended on ∆(E,0) by linearity.

Infinitesimal generators. Classical infinitesimal generators are introduced as field functions

Φ0( f )[g] := Re⟨ f |g⟩, f ∈ E,

whose exponential define the classical Weyl elements W 0( f ) = eiΦ0( f ). These generators can be further
decomposed in terms of the classical creation/annihilation operators

a∗0( f ) :=
Φ( f )− iΦ0(i f )√

2
, a0( f ) :=

Φ( f )+ iΦ0(i f )√
2

. (2.3)

Classical states on the commutative Weyl algebra W (E,0) can be extended to field operators, provided
they are analytic, meaning that their GNS representation is regular and the cyclic vector is analytic for
the associated field generators.

A distinguished class of analytic states is given by quasi-free states, characterized by Gaussian ex-
pectations

ωs(W 0( f )) = exp
(
−1

4 s( f , f )
)
,

with s a real symmetric bilinear form. Analyticity ensures that expectation values of products of field
operators can be computed by differentiating the Weyl expectation values.

REMARK 2.3: More generally, one can introduce C2k states, for which moments of field operators up to
order k are well defined. This regularity property plays an important role in the formulation of the weak
KMS condition for commutative Weyl C∗-algebras.

⋄

KMS condition for the quantum algebra. We fix h > 0 in this paragraph. We have introduced the
quantum (τh,β )–KMS condition in the Introduction (see Eq. (1.2)). This definition requires the ∗-
automorphism group to be strongly continuous, in order to admit an analytic continuation to imaginary
times t 7→ iβh.

In the case of a free gas, the ∗-automorphism group is constructed from the one-particle Hamiltonian
H =−1

2 ∆, which represents the kinetic energy in units ℏ= m = 11. Formally, the dynamics acts on Weyl
elements by

τh,t(W h( f )) =W h(eiHt f ).

1Here H is understood as the unique self-adjoint extension of the Laplacian initially defined on the Schwartz space.
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However, this automorphism group is not strongly continuous. Indeed, for every f ∈ E that is not invari-
ant under eiHt , one has

∥τh,t(W h( f ))−W h( f )∥= ∥W h(eiHt f )−W h( f )∥= 2,

showing that continuity at t = 0 fails in the C∗-norm.
Nevertheless, it is still possible to identify the appropriate class of equilibrium states for the algebra

W (E0,hσ). We denote this family by ω
ρ

h , where ρ represents the total particle density. These states,
together with their GNS representations (πρ ,H ρ ,Ωρ), were first constructed by Araki and Woods [2].
Subsequently, Cannon [13] recovered the same states as thermodynamic limits of the corresponding
finite-volume Gibbs states.

It can be verified that the states ω
ρ

h satisfy a W ∗–KMS condition at inverse temperature β , in their
own GNS representation. An important outcome of this derivation is that, at sufficiently low temperatures
1
β

, the same dynamics admits a whole family of equilibrium states. More precisely, define the critical
density

ρc(βh) :=
∫ dp

(2π)3
e−βh |p|2

2

1− e−βh |p|2
2

.

Then, for every ρ > ρc(βh), the corresponding equilibrium states act on the Weyl elements as

ω
ρ

h (W
h( f )) = exp

(
−h

4

〈
f ,(I+ e−βhH)(I− e−βhH)−1 f

〉)
× exp

(
−2h(ρ −ρc(βh))

∣∣∣∣∫ dx f (x)
∣∣∣∣2
)
. (2.4)

Thus, for densities ρ > ρc(βh), one obtains a continuum of equilibrium states at the same temper-
ature. States corresponding to different values of ρ give rise to mutually disjoint GNS representations.
The factor in the second line of Eq. (2.4) keeps track of the macroscopic occupation of the ground state
of the Bose gas. The fraction of particles occupying this state is given by ρ −ρc(βh), whereas ρc(βh)
counts the fraction of particles belonging to the thermal background of the gas.

KMS condition for the classical algebra. The introduction of the classical KMS condition in[25] is
motivated by a formal h → 0+ limit of the quantum condition. We repeat this argument in the specific
setting of Weyl algebras. The quantum KMS condition (1.2) can be equivalently written as

ωh

(
W h( f )

1
ih

(
τiβh(W

h(g))−W h(g)
))

= ωh

(
1
ih
[W h(g),W h( f ) ]

)
. (2.5)

In the semi-classical limit h → 0+, the right-hand side of (2.5) should converge to ω0
(
{W 0( f ),W 0(g)}

)
,

while the left-hand side should converge to βω0
(
W 0( f )δ0(W 0(g))

)
, where δ0 is the derivation generated

by the ∗-automorphism group τ0. Since in general, for Weyl algebras the ∗–automorphism cannot be
taken to be strongly continuous, we cannot take δ0 to be a true derivation on the C∗–algebra. However, it

6



is possible to enlarge the class of derivations by defining weak–derivations. In [37], these are completely
characterized in terms of linearity and continuity properties. At the end, one concludes that the correct
choice for δ0 is given by

δ0 : ∆(E0,0)→C(E), δ0(W 0( f )) := iΦ0(iH f )W 0( f ), f ∈ E0, (2.6)

where H is the self-adjoint operator appearing in the definition of τ0. In (2.6), C(E) is the space of
continuous, not necessarily bounded, functions from E to C.

This specific form for the derivation allows us to introduce a classical KMS condition for the Weyl
C∗-algebra W (E,0). Following the intuition obtained from Eq. (2.5) we define

DEFINITION 2.4: (Weak classical KMS condition) Let E be a normed symplectic space, β ∈ R, and δ0
a weak derivation satisfying δ0(W 0( f )) := iΦ0(iH f )W 0( f ) for all f ∈ E0. Then, if ω0 ∈ S (W (E,0)) is
a C2 state as in Rmk. 2.3, we say that ω0 satisfies the weak (δ0,β )-KMS property if

ω0({a,b}) = βω0(bδ0(a)), ∀ a,b ∈ ∆(E0,0), (2.7)

where the Poisson bracket has been defined in (2.2).

⋄

Note that in 2.4 we cannot require less than C2-regularity on the classical state ω0, since we need to
compute the expectation value of Φ0( f ), for f ∈ E; see the discussion on regularity in Rmk. 2.3. The
foregoing definition is suitable for Weyl C∗-algebras since it does not involve continuity properties of
time evolution. We remark that one could also give a definition more in line with the approach of W ∗-
dynamical systems and verify that it is satisfied by weak KMS states, see [37, Appendix C]

2.2 Semiclassical analysis of the condensate

In this section, we show how classical states on the Weyl algebra W (E0,0) satisfying the classical weak
(δ0,β )–KMS condition can be constructed as semiclassical limits of the quantum equilibrium states ω

ρ

h .
The condensate will persists in the semiclassical limit, thereby providing an effective description of the
quantum Bose gas in the regime of large densities.

Berezin quantization map. We begin by introducing a quantization map linking the classical and
quantum Weyl algebras. It can be seen as a generalization of Berezin quantization map [5] to the Weyl
C∗–algebra.

DEFINITION 2.5 (Abstract quantization map): We define a net of linear maps(
Qh : ∆(E,0)→ ∆(E,hσ)

)
h∈[0,+∞[

(2.8)

by extending linearly the action on Weyl elements given by

Qh
(
W 0( f )

)
:= e−

h
4 ∥ f∥2

W h( f ), h ∈ [0,+∞[, f ∈ E. (2.9)
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⋄

This map allows us to pass from classical to quantum observables between the corresponding Weyl
algebras. We would like to further define the pull-back action of Qh on quantum states ωh, obtaining a
net of classical states

(ωh ◦Qh)h∈[0,+∞[.

Further, it would be desirable to establish an appropriate notion of continuity for this quantization pro-
cedure, ensuring that the limit h → 0+ is well defined. These properties are established in the next
proposition, whoose proof can be found in [37]

PROPOSITION 2.6: The abstract quantization map defined on (2.9) satisfies the following.

(i) ∥Qh(c)∥h ≤ ∥c∥0 for every c ∈ ∆(E,0);

(ii) for every c ∈ ∆(E,0), c ≥ 0 implies that Qh(c) ≥ 0 as elements of the respective C∗-algebras
W (E,0) and W (E,hσ).

As a consequence, Qh on ∆(E,0) can be extended to a positive map

Qh : W (E,0)→W (E,hσ). (2.10)

⋄

Properties (i) and (ii) are the necessary continuity and positivity properties we wanted to ensure that
ωh ◦Qh is a well defined algebraic state having a well defined weak∗–limit points as h → 0+.

Limit of the condensate. With the quantization map Qh at our disposal it is now possible to state the
main theorem of this section

THEOREM 2.7: Let the dynamics of the Weyl algebraW (E0,hσ) be implemented by the ∗-automorphism
τh,t(W h( f )) = W h(eiHt f ) for all f ∈ E0, where H = −∆

2 . Then, if ρ(h) > ρc(βh) for all h > 0 and

h(ρ(h)−ρc(βh)) h→0+−−−→ α ≥ 0, the net of quantum (τh,βh)-KMS states ω
ρ(h)
h with

ω
ρ(h)
h (W h( f )) = exp

{
−h

4

(
⟨ f ,(I + e−βhH)(I − e−βhH)−1 f ⟩

}
× exp

{
2ν(ρ(h)−ρc(βh))|

∫
R3

dνx f (x)|2
)}

(2.11)

converges for h → 0+ to the classical state

ω
α
0 (W

0( f )) = exp
{
−1

2

(
⟨ f (βH)−1 f ⟩+2ν

α|
∫

Rν

dνx f (x)|2
)}

(2.12)

in the sense that
ω

ρ(h)
h ◦Qh(c)→ ω

α
0 (c), for all c ∈W (E0,0). (2.13)

The weak∗-limit points ωα
0 are labeled by the parameter α ≥ 0 and they all satisfy the (δ0,β )-weak KMS

condition.
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⋄

A few comments are in order:

• The condition ρ(h) > ρc(βh) is necessary in order to preserve the condensate for every value of
the semiclassical parameter h > 0. As discussed above, the parameter h ∈ [0,+∞[ is not merely a
formal semiclassical parameter: it is directly linked to the density scale of the system. In fact, it
can be expressed in terms of the critical density as

h = h0

(
ρc(βh0)

ρc(βh)

) 2
3

, (2.14)

where h0 is a fixed reference value.

In particular, as h → 0+ one has ρc(βh)→+∞ Hence, the semiclassical limit h → 0+ corresponds
to a regime in which the critical density diverges. Consequently, for every fixed total density
ρ > 0, there exists a threshold value h1 > 0 such that for h < h1 one has ρ < ρc(βh). In this
regime, Bose–Einstein condensation cannot occur, and the condensate state ω

ρ

h is no longer de-
fined. Therefore, the semiclassical limit of ω

ρ

h ◦Qh cannot be taken at fixed density: the density
must scale appropriately with h in order to remain in the condensed phase.

• As the semi-classical parameter h is dimensionless, α carries the dimensions of an inverse volume
and can be interpreted as a renormalized density. Indeed, for the single excitation number operator
N0( f ) := a0( f )∗a0( f ) one finds

ω
α
0 (N0( f )) = ⟨ f |(βH)−1 f ⟩+2ν

α⟨ f |1⟩⟨1| f ⟩ (2.15)

which decomposes as the sum of two quadratic forms: the first accounts for the contribution of the
classical background, while the second quantifies the condensate fraction.

3 Perturbation theory for an interacting Bose gas

In this section we will briefly discuss another recent success of the algebraic formalism in the analysis of
finite-temperature Bose gases. The results of this section review the original paper [19].

We employ the Araki–Woods representation to construct a rigorous and systematic perturbation the-
ory for an interacting bosonic gas. Set Ξ

>
L := ΞL \ {0}. We will work with the W ∗ algebra of bounded

operators B (Γs(ℓ
2(Ξ>

L ))). Within this framework, it is possible to compute the imaginary correction to
the dispersion relation of Bogoliubov quasiparticles. This amounts to the Fermi Golden rule for a three
body term. For one-quasiparticle states, this correction is the sum of two terms:

−γB(k,β ,ν)− γL(k,β ,ν).

In the literature the term γB goes under the name of the Beliaev damping [4, 18, 26, 27, 36] . This
correction persists down to the zero temperature. The term γL is called the Landau damping [27, 36, 38].
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This term is absent at zero temperature. Experimental results [15, 16, 24] seem to validate theoretical
predictions for the two coefficients.

We define an effective bosonic Hamiltonian acting on the Fock space Γs(ℓ
2(Ξ>

L )) by

HL
ν = HL

Bog,ν +
√

κHL
3,ν +κHL

4 , (3.1)

HL
Bog,ν := ∑

p∈Ξ
>
L

(p2

2
+

ν v̂(p)
v̂(0)

)
a∗pap

+ ∑
p∈Ξ

>
L

(
ν v̂(p)
2v̂(0)

apa−p +h.c.
)
,

HL
3,ν :=

1
Ld/2 ∑

k,p,p+k∈Ξ
>
L

√
ν v̂(k)√
v̂(0)

(
a∗p+kakap +h.c.

)
,

HL
4 :=

1
2Ld ∑

p,q,k
p+k,q−k∈Ξ

>
L

v̂(k)a∗p+ka∗q−kaqap.

The introduction of this Hamiltonian can be justified starting from the first-principles model (1). The
key step consists in isolating the zero-mode creation and annihilation operators a∗0,a0, corresponding to
particles with momentum k = 0. In position representation, this mode is associated with the constant
function ⊗N |1⟩ ∈ L2

s (Λ
N), i.e. the ground state of the non-interacting model.

One then performs a formal substitution of the zero-mode operators by the square root of the zero-
mode number operator,

a0, a∗0 −→
√

N0 ≃ I
√

N,

where N0 denotes the occupation number of the condensate. Within this approximation, the natural
definition of the effective parameter ν is

ν :=
Nv̂(0)

L3 ,

which is kept fixed in the joint limit L,N → ∞.
We emphasize that this substitution can be rigorously justified only at first order in perturbation

theory[33, 35]. The analysis of higher-order contributions requires a more careful treatment of the zero-
mode operators. Nevertheless, the above replacement is sufficient for the computation of the imaginary
part of the energy shift arising from the Fermi golden rule.

The parameter κ appearing in (3.1) is an artificial small constant, which keeps track of the correct
order in perturbation theory. The Hamiltonian HL

bg is usually called the Bogoliubov Hamiltonian and
it will be treated as the main part of the full Hamiltonian. Being quadratic in ak, a∗k, it can be exactly
diagonalized by a Bogoliubov transformation [9]

a∗k = ckb∗k − skb−k ak = ckbk − skb∗−k, (3.2)

where bk and b∗k are the Bogoliubov quasiparticle annihilation and creation operators, whereas ck and sk
are suitable coefficients satisfying c2

k − s2
k = 1. These transformations can always be implemented by a
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unitary operator U on ΓS(ℓ
2(Ξ>

L )) under relatively mild hypothesis on v̂ [19]. After this diagonalization,
the Bogoliubov Hamiltonian becomes

UHL
bgU∗ = ∑

p∈Ξ
>
L

b∗pbpωbg(p), ωbg(p) =

√
|p|4

4
+νν̂(p)|p|2.

Let us now fix a positive temperature 1
β
∈]0,Tc[. Here Tc > 0 denotes a (generally unknown) value

such that for 1
β
< Tc one expects the presence of Bose–Einstein condensation, i.e. a macroscopic occu-

pation of the ground state.
For the quadratic Bogoliubov Hamiltonian, the unique KMS state is given by the Gibbs functional

ωβ (A) =
Tr
(

Ae−βHL
Bog

)
Tr
(

e−βHL
Bog

) , A ∈ Γs
(
ℓ2(Ξ>

L )
)
. (3.3)

This thermal state can be realized as a Fock vacuum state in a doubled representation, namely on the
Hilbert space

Γs
(
ℓ2(Ξ>

L )⊕ ℓ2(Ξ>
L )
)
.

More precisely, one introduces left and right representations πβ ,l and πβ ,r of the creation and annihilation
operators, defined by

b∗
β ,l(k) := πβ ,l(b

∗(k)) =
(
1− e−βωBog(k)

)− 1
2 b∗l (k)+

(
eβωBog(k)−1

)− 1
2 br(k),

bβ ,l(k) := πβ ,l(b(k)) =
(
1− e−βωBog(k)

)− 1
2 bl(k)+

(
eβωBog(k)−1

)− 1
2 b∗r (k),

b∗
β ,r(k) := πβ ,r(b

∗(k)) =
(
eβωBog(k)−1

)− 1
2 bl(k)+

(
1− e−βωBog(k)

)− 1
2 b∗r (k),

bβ ,r(k) := πβ ,r(b(k)) =
(
eβωBog(k)−1

)− 1
2 b∗l (k)+

(
1− e−βωBog(k)

)− 1
2 br(k).

Here the operators bl/r(k) and b∗l/r(k) act respectively on the left and right components of Γs
(
ℓ2(Ξ>

L )⊕
ℓ2(Ξ>

L )
)
, and satisfy the canonical commutation relations

[bl/r(k),bl/r(q)] = [b∗l/r(k),b
∗
l/r(q)] = 0, (3.4)

[bl/r(k),b∗l/r(q)] = δk,q, bl/r(k)Ω = 0, (3.5)

where Ω denotes the Fock vacuum of the doubled space.
In this representation, all thermal effects are encoded in the modified creation and annihilation oper-

ators and the dynamics is generated by the Liouvillean

LL
ν = πβ ,l(H

L
ν )−πβ ,r(H

L
ν ) = LL

bg,ν +
√

κLL
3,ν +κLL

4 .

Perturbative computations can be performed using excited vectors of the form

b∗l (k1) · · ·b∗l (kn)b∗l (p1) · · ·b∗l (pm)Ω,
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and, since Ω is a genuine Fock vacuum, Wick’s theorem can be applied directly to compute matrix
elements. In particular, by computing the Fermi Golden Rule correction generated by the perturbation√

κ LL
3,ν around the unperturbed one-particle state b∗l (k)Ω, we obtain the following expression for the

corresponding damping rate coefficients:

THEOREM 3.1: In the thermodynamic limit L → ∞, the following estimates hold:

1. For small momenta and temperature/momentum ratios we have

γB(k,β ,ν) =
3v̂(0)ν3/2

640π

|k|5

ν5/2

(
1+O

( 1
(β

√
ν |k|)3

)
+O

( |k|2
ν

))
as

|k|√
ν
,

1
β
√

ν |k|
→ 0. (3.6)

2. For small momenta, temperatures and the momentum/temperature ratios we have

γL(k;β ,ν) =
3π3v̂(0)ν3/2

40(βν)4
|k|√

ν

(
1+O

(
β
√

ν |k|
)
+O

( 1
(βν)2

))
as

|k|√
ν
,

1
βν

, β
√

ν |k| → 0. (3.7)

⋄

4 Conclusions

The standard N-body formalism of quantum mechanics and the algebraic approach provide complemen-
tary perspectives on the properties of a Bose gas. In this review, we have presented two applications that
contribute to enhancing our understanding of bosonic systems in two distinct directions. Nevertheless,
several important questions remain open.

A natural continuation of the results in [37], discussed in Section 2, would be their extension to
interacting systems. Such a development would likely require combining the techniques of [12, 19, 37]
with new conceptual and technical ideas. On the perturbative side, although we have derived damping
rates for bosonic excitations, the mathematical foundations of the perturbative expansion are far from
being fully understood. In particular, it is natural to ask whether a convergent perturbation series can
be established, and how the present weak-potential expansion relates to the more commonly studied
low-density regime.

We expect that further developments of the algebraic approach will provide useful insights into these
questions and contribute to a deeper structural understanding of finite-temperature Bose gases.
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