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Introduction to the physics

Consider an N-particles, homogeneous Bose gas in finite volume | — %, %]d d>?2

o For weakly interacting gasses, there is a description in terms of quasi-particle
excitations with a peculiar dispersion relation p — @pg(p)
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Introduction to the physics

Consider an N-particles, homogeneous Bose gas in finite volume | — %, %]d d>?2

o For weakly interacting gasses, there is a description in terms of quasi-particle
excitations with a peculiar dispersion relation p — @pg(p)

o Due to interactions, low-energy excitations decay and the singular spectrum @y (p)
is broadened in the thermodynamic limit

o The goal of this talk is to explain how the W*-algebraic (Derezinski-Jaksi¢-Pillet
’03) formalism can be used to compute decay rates in a weak coupling regime

o We do this at a finite temperature, using the Araki-Woods representations
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Introduction to the model

o Bose gas: N bosons in a box with periodic boundary conditions | —
o The first principle Hamiltonian is the following

1 Y 1
HL = —5 ZAi+§ZVL(xi_x-i)
i=1 i#j
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o The first principle Hamiltonian is the following
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o The density of the model is given by
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ﬁ:n(l‘FO(NO))’ n>0
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Introduction to the model

o Bose gas: N bosons in a box with periodic boundary conditions | — %, %]d

o The first principle Hamiltonian is the following

1 Y 1
HL = —5 ZAi+§ZVL(xi_x-i)
i=1 i#j

H": D(H") C 12 <} - % 12‘]")”> — 12 (] - g ;]d)N>

o The density of the model is given by

N
ﬁ:n(l‘FO(NO))’ n>0
o Vj is obtained as the periodized version of V € L!(R?),
1 PN _ 2mz¢
Vi(x) = d ) eEYV (k), EL=—

keZ,

3/28




Basic hypothesis on the potential

Suppose that

a) VeL'(RY) and V(x) € R;
b) V € L2(RY);

Define R

V(0)n
14

and suppose there exists W € R such that the following hold for all v €]0, W]

¢) V(0) > 0and V(k) > —V(0) XL,

2v>

d) V(x) = V(—x) which implies V (k) = V(—k)
RMK: We will avoid writing the subscript L on V.

Vi =
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Improved c—number condensate model

), B = ZE\ {0}

Starting from Hy, we derive an effective Hamiltonian on I'y(¢*(Z

v

HY = Hi, , +VKHS, + KHy;

1
L *
Hpyyy = T Z a)bg(p)bpbp

peE;
The joint energy—momentum spectrum of (Htfg’v,PL) is given by
o(HE, . P") = {(ove(k),K) [k € Ef

In the thermodynamic limit the spectrum abs. continuos w.r.t Lebsegue expect for (0,0)
and the singular spectrum

O (Hpg.v, P) C [0, +0o[ xR, Oing(Hyy . P*) = {(rg(K) k) [k € R'}
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Quasi-Particle dispersion relation
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Quasi-Particle dispersion relation

o Dispersion relation:

\/ kit VPP
5(0)

o Low momenta Phonons
g (K) ~ \/V|K|

o Other excitations: Maxons, Rotons
and at the end the Pitaevskii Plateau
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Godfrin et al. Dispersion relation of Landau
elementary excitations and thermodynamic
properties of superfluid * He. Phys. Rev. B
103, 104516 (2021)



Decay of quasiparticles

o We expect the interaction terms Hy, + H{ to broaden the spectrum
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Decay of quasiparticles

o We expect the interaction terms Hy, + H{ to broaden the spectrum

o Broadening can be described in perturbation theory by computing the Fermi
Golden rule in the weak coupling limit V(0) — &V (0), with fixed v and k small.

We do this at finite temperature % >0,V >0 and for L = 4o
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Decay of quasiparticles
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We expect the interaction terms H% |, 4+ HJ to broaden the spectrum

Broadening can be described in perturbation theory by computing the Fermi
Golden rule in the weak coupling limit V(0) — &V (0), with fixed v and k small.

We do this at finite temperature % >0,V >0 and for L = 4o
For & > 0, one has to replace the Hamiltonian by the Liouvillean in the
Araki-Woods representations

There will arise naturally two kinds of excitations built over the KMS state: left and
right Bogoliubov quasiparticles



Decay of quasiparticles

o Two distinct processes at order k!

_YB(kvﬁﬂ V) - ’}/L<k7[3ﬂ V)
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o Two distinct processes at order k!

_YB(kvﬁﬂ V) - '}’L(k;B; V)

o Beliaev damping ¥5 : describes decay of one left particles into two L — L +L -
Relevant for —— — 0
Bv/VIK|

_3V(0)v? [k

W5 v) = g e (HOUKPY - (BVVIK) ™)
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Decay of quasiparticles

o Two distinct processes at order k!

_YB(kvﬁﬂ V) - '}’L(k;B; V)

o Beliaev damping ¥5 : describes decay of one left particles into two L — L +L -
Relevant for —~— — 0
Bv/VIK|

5
i v) = OV K

o Landau damping ¥; : describes decay of left particles into one right and one left
L — L+R - Relevant for B/V[k| =0

(1+O(k[>v™" + (BVVIK)) ™))

V2

3TV )V k| 1
PV =0 Wiy

(1+O0(BVVIK|+(Bv)™?))
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Brief review of the literature

1947 Bogoliubov, N., N. J., Phys. (USSR) — First description of low energy interacting
Bose gas

1958 Beliaey, S., T. Sov. Phys. JETP — Low energy QFT and computation of Beliaev
Damping é =0

1960 Mohling, F., Sirlin, A. Phys. Rev — Perturbative computations with hard sphere
gas

1965 Hohenberg, P., C., Martin, P., C. Ann. Phys. — First computation of Landau
Damping % >0

1997 Pitaevskii, L., P., Stringari, S. Phys. Lett. A — First application of the Fermi golden
rule

2024 Derezinski, J., Li, B., Napiorkowski. M, J. Stat. Phys. — Revival of the topic in a
rigorous fashion
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Derivation of the model

In momentum representation — we separate the zero mode &, = :f {0},

[y(E) ~T,(C) o L (A7)

V(0) p’ LMoy . "
HE = 214 —No(No— 1)+ ( 7d (V(p)+V(O))apap
pE._‘L
2Ld Z ( aoa:;apa,p-i-h.c,)
pPEE;
1 N
+—Z;' 2: (V(q)aoap+qaqap—Fh.cJ
q.p.q+PEE;
1 (7 * *
+ Ld Z V(k)ay  kaq_kaqap-
P.q;
p+k,q—keZE;
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Extended space formalism
o [Derezinski, Napiérkowski *14, Lewin, Nam, Serfaty, Solovej *15]
Embed I'y(C) — £2(Z) and Define the unitary
U|No) @Y~ = [Ng+1) ¥, U*INo) @~ = [Ng— 1) @ P~
The rotated creation/annihilation and extended number operatos
ax = Uay, ay =U"ay

Uap = /N, N No) @~ = No|Np) @~
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Extended space formalism
o [Derezinski, Napiérkowski *14, Lewin, Nam, Serfaty, Solovej *15]
Embed I'y(C) — £2(Z) and Define the unitary
U|No) @Y~ = [Ng+1) ¥, U*INo) @~ = [Ng— 1) @ P~
The rotated creation/annihilation and extended number operatos
ax = Uay, ay =U"ay
U*ay = \/NT)+ NS No) @ W~ = No|No) @ P~
o The extended Hamiltonian becomes
H"*' = H}, ,+H}, +H| + RS+ R}

HL

ba.v H3Lv, HE obtained from H; by replacing ap — /N — N>
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c-number condensate Hamiltonian

o The quadratic Hamiltonian is given by

Hbgv Ld Z (|p2’ + (E)p)) Z (l; ap —p+hc)

pEE;
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c-number condensate Hamiltonian

o The quadratic Hamiltonian is given by

> o
bgv_Ld )y (Ip! (p)) Z (I; apa”y +he)

pEE;

o Diagonalized by taking ax = cxbk — sikb™

2 ~
\/—‘kz' + vV (k) + o (k) S
Ck = , sk =1/c—1

20 (k)

13/28



c-number condensate Hamiltonian

o The quadratic Hamiltonian is given by

o
ey £ (P 5

pEE;

o Diagonalized by taking ax = cxbk — sikb™

2 ~
\/—‘kz' + vV (k) + o (k) S
Ck = , sk =1/c—1

20 (k)

o Ground state constructed as

ls
Qpg = H Cx exp{ E—aka k}]N)®Q>

pGHL

13/28



Remainder terms of the Hamiltonian

The operators RE, R} contain terms like
NO Next |Next |P(Next < 0)
[Derezinski, P. upcoming ] It is possible to show that

lim (b7, .

L—+o0 Pi b* ng|RLb* b;;n ng) = 0

Lopr”

If we only assume

dk

1 .
o= lim 5 (RN Q) =n— [ 5 i

s >0
L—+ k

Thus, we remain with HL = Hbg v +H3L7v —i—H‘f
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Finite temperature formalism

Algebraic formalism : we study the W*-algebra B(I';(¢*(Z7)))

At positive temperature + > 0 we expect to be reasonable to study perturbations of
the unperturbed KMS state

L
_ BHbg,v

e 2

Q= CBIAE)
Tr{efﬁHb&V } :

This can be done by moving to the standard representation of B(Is(¢*(Z7))) on the
Hilbert Schmidt operators B*(I';(£2(E7)))

Q) :=TrQ'Y, QWcB*I[(A(2])))
In particular, Qg is now a (squeezed) vector
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Standard representation

Two commuting representations, the left
mAY =AY,  AeBI(A(E]))). ¥ eBAL(C(E])))
and the (antilinear) right
m(A)Y:=WA*,  AeB(L,(F(E]))), ¥ e B*(I(*(E])))
They are interchanged by the Anti-linear involution
Jm(A)J" = (A7)
The free dynamics is generated by the Liouvillean Lyg , = |:Hl§g,v7 }

Qg is the standard representative of the KMS state
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Araki-Woods representation I

17/28

Araki-Woods representations [Araki, Woods ’63, Derezinski, Gerard *13]
BX([4((E7))) = Ty(F(E])) @ Ty(A(E])) =Ty (F2(2f)) © 2(Er)))

The last identificiation mixes left and right components:
For f € (2(E7), p=e PonlP)(1— e Pom(P))~1

The KMS state mapped to the vacuum state Q — b|(f)Q = b,(f)Q =0.




Araki-Woods representation 11

For the standard basis of KZ(FS(EE))

b () = (1 — e P) "2 (k) - (ePm) 1) 2 (i),
bp(k) = (1— e P) 72 (1) 4 (B0 — 1) 727 k),
by (k) = (P2 1) "2y (k) + (1 — e PR 217 k),
b, (K) = (B0 _ 1) 725 (k) + (1 — e P) "2p, (k)

We can construct finite number of excitations states b} (k1) ...} (pn)Q
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Perturbation theory over a thermal background

o We do perturbation theory [Derezisnki, Jaksi¢,Pillet 03] with unperturbed vectors

bi (k)b; (K)Q,
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Perturbation theory over a thermal background

o We do perturbation theory [Derezisnki, Jaksi¢,Pillet *03] with unperturbed vectors
bi (k)b; (k)Q,
o The Hamiltonian Hy, y is substituted by the Liouvillean Ly, v

Logy = ) @g(P)(b] (P)b1(P)—b; (K)b/ (K))

pG_‘L

Similarly H;v — L3y and HY — Ly are obtained by including right particles
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Perturbation theory over a thermal background

o We do perturbation theory [Derezisnki, Jaksi¢,Pillet *03] with unperturbed vectors
bi (k)b; (k)Q,
o The Hamiltonian Hy, y is substituted by the Liouvillean Ly, v

Logy = ) @g(P)(b] (P)b1(P)—b; (K)b/ (K))

pG_‘L

Similarly H;v — L3y and HY — Ly are obtained by including right particles

o In thermodynamic limit 0 (Lpgv, Paw) = R while

Gsing(ng,WPAW) = {(a)bg(k)vk)|k € Rd} U {(_wbg(k)7k)|k € Rd}
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Unperturbed thermal vectors

Gsing (nga PAW)
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Perturbed thermal vectors

Sl
@
%"’Huo\&g’
In thermodynamic limit one expect perturbed states to vanish
0 (Logy +L3y+Lyg)
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Finite temperature computations

o Inspired by ideas of Jacksi¢—Pillet ('96), we compute second-order perturbation
theory

E(K) := lim lim { - (L3b.(k)*bj(k)9\(ng - ie)*1L3b|(k)*b;‘(k)Q>

£—0T L—oo

— (L3vQ |(Lpg,y —i€) 'L3,Q) }
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Finite temperature computations

o Inspired by ideas of Jacksi¢—Pillet ('96), we compute second-order perturbation
theory

E(K) := lim lim { - (L3b.(k)*bj(k)9\(ng - ie)*1L3b|(k)*b;‘(k)Q>

e—0t L—roo
— (L3vQ |(Lpg,y —i€) 'L3,Q) }
o The subtraction 1 is necessary because
<L3b](k)*bf (K)Q| (Lbg.v — ie)_]L37vb|(k)*b;‘(k)Q) — finite terms
+(Q|Ls v (Log v — i€) L3 vQ),
(Q|Ls v (Lyg.y —i€)L3 Q) diverges as LY, limg_,o+ (Q|L3 v (Lbg,y — i€) L3y Q) =0

22/28



Finite temperature computations

o Inspired by ideas of Jacksi¢—Pillet ('96), we compute second-order perturbation
theory

E(K) := lim lim { - (L3b.(k)*bj(k)9\(ng - ie)*1L3b|(k)*b;‘(k)Q>

g0+ L—oo
— (L3vQ |(Lpg,y —i€) 'L3,Q) }
o The subtraction 1 is necessary because
<L3b](k)*bf (K)Q| (Lbg.v — ie)_]L37vb|(k)*b;‘(k)Q) — finite terms
+(Q|L3,y (Lvg,y — i€) L3 vQ),

(Q|Ls v (Lyg.y —i€)L3 Q) diverges as LY, limg_,o+ (Q|L3 v (Lbg,y — i€) L3y Q) =0
RMK: We did not include kL4 because they do not contribute to this order

22/28




Assumptions on the potential

o For the Beliaev damping we need the following (valid for all v €]0,W])

v d2V(0)
~— > —1; 1a
v(0) dk ()
VisC’ina neighborhood of k = 0; (1b)
V is rotationally invariant (1¢)
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Assumptions on the potential

o For the Beliaev damping we need the following (valid for all v €]0,W])
v d(0)
V(o) dk?
VisCina neighborhood of k = 0;

V is rotationally invariant

> —1;

o For the Landau damping in addition
VisC'

dang (k)
dk

= 0 has at most a finite number of solutions

23/28
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Integrals for the dampings

Proposition [Derezinski, P. ’26]: in second order perturbation theory there are purely
immaginary correction

W(kB.Y) = 5 [ s ikipp =K 6@ (8) — y(p) — 0ns kD)

(1—et
(eﬁwbé —1)(eP@:(P) — 1) (eBore(k—p) _ 1)’

VL(k,ﬁ,V)=7r/(2dp) J(P—Kk:K,p)*8 (g (k — p) — 0oy (p) — g (K))

(g (I)+ g (p) + @he (k—p)) )2

(5 (@e(0) o (kop)) _ f o (p))2
. (eB@e(k) _ 1) (eP@e(p) 1) (ePrelk—p) _ 1)
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Dirac’s delta prescriptions

k|

We work in the small momentum limit NG —0

o The Beliaev damping delta & (@pg (k) — e (P) — 0pg(k —p)) bounds the momentum
0 <|p| < |k| — we only have to integrate over a compact region (close to p = 0)
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Dirac’s delta prescriptions

We work in the small momentum limit % -0
o The Beliaev damping delta & (@pg (k) — e (P) — 0pg(k —p)) bounds the momentum
0 <|p| < |k| — we only have to integrate over a compact region (close to p = 0)

o The Landau damping delta & (e (k) + @hg(p) — 0pe(k —p)) can allow for
arbitrarily high momenta...

v (P) has maxima and minima in the high momenta region — this could cause
problems for the well-definiteness of the delta
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Dominant contributions to our integrals

Proposition [Derezinski, P. 26]: the red intervals are outside the support of 5(...)

S
oQ

—
Ny

N
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Dominant contributions to our integrals

Proposition [Derezinski, P. 26]: the yellow regions are exponentially dumped as
e BV By = +oo

g
z

S
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Dominant contributions to our integrals

Theorem [Derezinski, P. ’26]: the phonon region is the only one that matters

z
=

————
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Results

Computations of the imaginary component recover the predicted expression in the
correct limits after substituting V (0) « 47a

otk = OV (1o L) w0

asM #%0
Vv BVVIK|
3TV K| 1 !
By — T io)v \|f\|/(ﬁv)4 (1+0(Bﬁlkl)+0((ﬁv)z)>
aslkﬁ[, Blv,ﬁﬁk|—>0

These results are universal in the choice of V, in the sense that within our hypothesis
they only depend on V(0)
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Thank you for your attention!
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Thank you for your attention?
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Green functions point of view I

o Formalism of Green functions : Aj, A, operators, € R time and % > (0 temperature

Two-point time-ordered function :
G(Az,Ar3t) = i(QIT(A2(1)A1 (0))Q)
or in energy representation

oo ‘ .
Gﬁ (Az,Al;E) :SIL%L i/o (-Q|A2€_”ng"’_£t_lEtA1.Q)

oo . .
+lim [ (QAje ey TEHEA Q)

e—0tJo

=(Q|As(Lygy — 0+ E) 'A1Q) + (QIA| (Logy —i0— E) ' A2Q)
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Green functions point of view II

As an example A; = bg |(k) and Ay = bg (k)" give

1

Gp(bp (k)" bp (K)E) = ng(k) — 10—

For interacting models

Gy (bpi(k)".bp (k) 'E) = Z(E k) .

(k;—E + regular, Im(w(k)) >0

The shift can be computed in perturbation theory for b; (k)Q
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Computation of the shift

Defining
o(k) := lim lim {{ (by (K)Q|Lsby (k)Q)
€0t L—eo
— (Lawbi ()0 (Log.y — g (k) — i€) 'L,y b{ (K)2)
QUL+ (L2002 (Lngy — ) 1122 |
Consistent results for the imaginary part
Im(5(k)) = 2Im(& (k))

[Derezinski, P. upcoming | — we are completing the study of Re(8(k)) (Spoiler: results
consistent with physics literature at é =0)
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Thank you (again) for your attention!
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